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ABSTRACT: A full-dimensional global potential energy surface for the
KRb + KRb → K2 + Rb2 reaction is developed from 20 759 ab initio points
calculated using a coupled cluster singles, doubles, and perturbative triples
(CCSD(T)) method with effective core potentials, extrapolated to the
complete basis set limit. The ab initio points are represented with high
fidelity (root-mean-square error of 1.86 cm−1) using the permutation-
invariant polynomial−neural network method, which enforces the
permutation invariance of the potential with respect to exchange of
identical nuclei. The potential energy surface features two D2h minima and
one Cs minimum connected by the isomerization saddle points. The Rice−
Ramsperger−Kassel−Marcus lifetime of the K2Rb2 reaction intermediate
estimated using the potential energy surface is 227 ns, in reasonable
agreement with the latest experimental measurement.

There has recently been a keen interest in chemical
reactions in the ultracold regime, where the collision

energy is below a microkelvin.1−3 In such a regime, the
translational de Broglie wavelength is on the order of hundreds
or thousands of angstroms, even when the collision partners
have relatively large masses. Because of the strong wave nature
of the atomic and molecular reactants, reactions proceed with a
single partial wave and are completely controlled by quantum
effects such as tunneling and resonances.1−5 Such a realm
offers a unique opportunity to understand intermolecular
interactions and reaction dynamics.
To date, most such ultracold reactions have been realized

between alkaline dimers.6−19 In a pioneering work from the Ye
group, ultracold 40K87Rb molecules were created from 40K and
87Rb atoms using a two-step process. In the first step, a
Feshbach molecule is formed in a magnetic trap. Then this
Feshbach molecule is converged to selected ro-vibrational and
nuclear spin states in the ground electronic state of 40K87Rb
using a coherent two-photon scheme.6 This nearly complete
conversion creates a significant number of ultracold KRb
molecules in the trap, which subsequently undergo collisions
and reactions. The loss rate has been measured for both
distinguishable and indistinguishable 40K87Rb molecules, and
the results show strong control by quantum statistics and the
Wigner threshold law.7,18 Similar loss rates have been
measured for other alkali metal dimers.10,12−14,17,19 More
recently, Ni and co-workers demonstrated unequivocally that
the loss of trapped KRb molecules is indeed due to the
formation of the K2Rb2 reaction intermediate and its
subsequent decomposition to K2 and Rb2.

20 However, there
is still very limited knowledge on how this reaction takes place.

The lifetime of the reaction intermediate (K2Rb2) in this
intrinsically barrierless reaction would shed valuable light on
the reaction mechanism.
A complete understanding of the KRb + KRb → K2 + Rb2

reaction dynamics demands a highly accurate potential energy
surface (PES) for the K2Rb2 system. To date, only some
stationary points along the barrierless reaction pathway have
been published,21−23 which were obtained using high-level
coupled cluster singles, doubles, and perturbative triples
(CCSD(T)) methods.24 In 2010, Byrd et al. reported a Cs
minimum and a D2h minimum as well as a transition state
between them, obtained at the CCSD(T) level of theory using
the pseudopotential-based polarized quadruple-ζ valence basis
set (F12b/def2-QZVPP).22 The D2h minimum was connected
to the KRb + KRb asymptote, while the Cs minimum was
connected to the K2 + Rb2 asymptote. The global minimum
was found to have D2h symmetry and to be bound by 2753.7
cm−1 relative to the KRb + KRb asymptote. Two years later,
the same group reported an additional D2h minimum and a
planar transition state between the two D2h minima, obtained
at the CCSD(T) level of theory with the pseudopotential-
based polarized triple-ζ valence basis set (def2-TZVPP). The
depth of the global D2h minimum using the new basis set is
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151.2 cm−1 shallower than that found previously at the
CCSD(T)-F12b/def2-QZVPP level.23

In this Letter, we report a full-dimensional global PES of the
K2Rb2 system based on a large number of high-level ab initio
calculations. The electronic structure calculations were
performed at the same CCSD(T) level of theory but with
significantly larger basis sets than the previous work. The
reference wave functions were based on the Hartree−Fock
(HF) method with Peterson’s pseudopotential-based correla-
tion-consistent polarized weighted core valence triple/quad-
ruple-ζ basis set with augmenting functions (aug-cc-pwCVTZ-
PP/aug-cc-pwCVQZ-PP),25 with the inner-shell electrons
described by the Stuttgart/Köln small-core relativistic effective
core potential (ECP).26 Specifically, ECP10MDF and
ECP28MDF were used for K and Rb, respectively. The
counterpoise correction was not considered, as the basis set
was sufficiently large. The T1 diagnostic

27 is generally around
0.02, with only a few points larger than 0.03, suggesting that
the single-reference approach is adequate. In addition, we used
the following relation to estimate the complete basis set (CBS)
limit: ECBS = EHF/aug‑cc‑pwCVTZ‑PP + 0.785 × (EHF/aug‑cc‑pwCVQZ‑PP
− EHF/aug‑cc‑pwCVTZ‑PP) + ECCSD(T)/aug‑cc‑pwCVQZ‑PP −
EHF/aug‑cc‑pwCVQZ‑PP.

28 Conical intersections and nonadiabatic
effects were not considered here.
The bond lengths and vibrational constants of K2, Rb2, and

KRb were optimized at this level of theory, and the results are
compared with previous theoretical and experimental results in
Table 1. For KRb, the equilibrium bond length of 4.055 Å is in
excellent agreement with the experimental values of 4.0677 Å
by Pashov et al.29 and 4.05 Å by Amoit et al.30 better than the
previous theoretical value of 4.160 Å.22 As for K2 and Rb2, the
bond lengths optimized in this work are also in better
agreement with experimental values31−33 than those in the
previous theoretical study.22 In addition, the harmonic
frequencies are very close to the spectroscopic values.31−34

The good agreement with the experimental results for the
diatoms suggested that the current level of theory should give a
reliable description of the K2Rb2 system. Hence, ab initio
points were calculated at this level of theory using the
MOLPRO 2015.1 package.35 Sampling in the configuration
space was aided by classical trajectories. A geometric metric
based on the Euclidean distance36 was employed to filter out
the points that were too close to existing configurations in the
data set. In addition, only points with energies less than 5000
cm−1 above the global minimum were employed in the fitting.
A total of 20 759 points were fit to an analytical form using the
permutation-invariant polynomial−neural network (PIP-NN)
method,36 which enforces the exchange symmetry of identical
atoms. For this A2B2 system, 32 PIPs up to third order were

used in the input layer, and two hidden layers, each with 50
neurons, were selected in the NN architecture so that 4251
parameters were employed in total. PIPs are symmetry-adapted
polynomials of a Morse-like variable pij = exp(−rij/α), where α
= 10a0 and rij denotes the internuclear distance between the ith
and jth atoms, with the subscripts 1, 2, 3, and 4 for the K1, K2,
Rb1, and Rb2 atoms, respectively.37 The ab initio training data
were randomly divided into three parts, namely, training
(90%), validation (5%), and testing (5%) sets. The
Levenberg−Marquardt algorithm was employed to minimize
the root-mean-square error (RMSE). Three of the best PIP-
NN fits were averaged as a committee to represent the final
PES in order to reduce random errors. The final PES has an
RMSE of 1.86 cm−1. The distributions of ab initio energies and
fitting errors are shown in Figure 1. The errors for almost 90%
of the points are smaller than 2 cm−1, indicating good fitting
performance of the PES.
This NN-based fitting approach differs from the Gaussian

process (GP) approach38 used recently in constructing the
PES for the Na2K2 system.39 The GP approach is limited with
respect to the number of points that can be used in the PES
because of the need to invert the kernel matrix. Indeed, the

Table 1. Optimized Diatom Bond Lengths (re, in Å) and Harmonic Vibrational Frequencies (ωe, in cm−1) in Comparison with
Previous Theoretical and Experimental Data

K2 Rb2 KRb

re ωe re ωe re ωe

this worka 3.928 92.34 4.200 58.72 4.100 74.43
this workb 3.928 92.18 4.200 58.51 4.055 76.81
theoryc 3.956 4.233 4.160
expt 3.9051d 92.021d 4.2099f 57.781f 4.0677i 75.8713i

expt 3.9243e 57.7768g 75.8458j

expt 4.2100h 57.7892h

aCCSD(T)/aug-cc-pwCVTZ-PP. bCCSD(T)/aug-cc-pwCVQZ-PP. cFrom ref 22, CCSD(T)/def2-QZVPP. dFrom ref 31. eFrom ref 51. fFrom ref
32. gFrom ref 34. hFrom ref 33. iFrom ref 29. jFrom ref 30.

Figure 1. Distributions of fitting errors in PIP-NN fitting: (a) fitting
error for each point; (b) number of points for each interval of fitting
error.
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Na2K2 PES includes fewer than 2500 ab initio points. A new
global PES for K2Rb2 has also been developed by Karman
using the same GP approach.40

The geometries and energies of the stationary points on the
PES are listed in Table 2 and their harmonic frequencies in
Table 3. Figure 2 illustrates the reaction pathways of the KRb
+ KRb → K2 + Rb2 reaction, including the stationary-point
geometries and energies with and without zero-point energy
(ZPE) corrections. The calculated exoergicity of the KRb +
KRb → K2 + Rb2 reaction at the CCSD(T)/aug-cc-pwCVQZ-
PP level of theory is 31.5 cm−1, which is larger than the
experimental value of 10.35 cm−1.6 To be consistent with
experiment, the energy of the K2 + Rb2 asymptote was shifted
up smoothly by 21.96 cm−1, with an additional empirical
correction (in cm−1): Vscaled = (1 − S)VPES + 2803.72S, where
S = 1/{1 + exp[−(0.8 Å−1)(R − 15.0 Å)]} and R is the center-
of-mass distance between the two products in angstroms. This

issue will be revisited when the long-range interactions are
introduced.
As shown in Figure 2, three minima were located on the

K2Rb2 PES. One has Cs symmetry, and the other two have D2h

symmetry. The two D2h minima are rhombic structures. One
(D2h-I) has a shorter K−K distance (r12 = 3.990 Å) and a
longer Rb−Rb distance (r34 = 8.194 Å), while in the other
(D2h-II) this is reversed (r12 = 8.005 Å, r34 = 4.308 Å). The
rhombuses of the two D2h structures are both smaller than
those obtained at the CCSD(T)/def2-TZVPP level by Byrd et
al.,23 and the relative energies are also different. Our results
indicate that D2h-I is higher in energy than D2h-II by 163.62
cm−1, but Byrd et al. reported D2h-I to be lower by 29.30 cm

−1.
For the Cs minimum, the geometry reported here is close to
the CCSD(T)/def2-TZVPP result23 but different from
obtained using the CCSD(T)-F12b/def2-QZVPP method.22

The energy of the Cs minimum was found to be higher than

Table 2. Stationary-Point Geometries and Their Energies for K2Rb2 in the Interaction Regiona

geometry method r12 r13 r14 r23 r24 r34 E E + ZPE

Cs ab initiob 4.385 4.558 4.156 8.119 4.590 4.723 −2814.40 −2753.56
PES 4.371 4.546 4.149 8.090 4.577 4.703 −2817.07 −2757.80
theoryc 4.405 4.055 4.190 7.541 4.006 4.762 −2736.3 −2695.0
theoryd 4.503 4.654 4.283 8.298 4.673 4.861 −2593.5

D2h-I ab initiob 3.996 4.571 8.223 −2721.69 −2659.61
PES 3.990 4.557 8.194 −2725.16 −2663.67
theoryc 4.030 4.579 8.224 −2753.7 −2680.9
theoryd 4.117 4.672 8.388 −2602.5

D2h-II ab initiob 8.032 4.559 4.315 −2895.72 −2838.32
PES 8.005 4.546 4.308 −2888.78 −2833.76
theoryd 8.210 4.672 4.462 −2573.2

TS-I ab initiob 4.684 4.122 8.559 4.883 4.121 8.813 −1691.58 −1647.99
PES 4.686 4.106 8.535 4.889 4.107 8.819 −1647.10 −1607.79
theorye −1470.9

TS-II ab initiob 8.714 4.102 4.881 9.041 4.103 5.080 −1543.94 −1509.84
PES 8.708 4.102 4.880 9.049 4.104 5.083 −1517.43 −1485.76

aThe energies E are relative to the KRb + KRb asymptote without ZPE corrections, while the E + ZPE values include ZPE corrections. The
distances are in angstroms and the energies in cm−1. For D2h structures, the four K−Rb bond lengths are equal, i.e., r13 = r14 = r23 = r24.

bThis work,
CCSD(T)/aug-cc-pwCVTZ-PP. cref 22, CCSD(T)-F12b/def2-QZVPP. dref 23, CCSD(T)/def2-TZVPP. eref 22, CCSD(T)-F12b/def2-TZVPP.

Table 3. Harmonic Frequencies and ZPEs of the Diatoms and K2Rb2 Stationary Points (in cm−1)

geometry method harmonic frequencies ZPE

KRb + KRb ab initioa 74.43 74.43 74.43
ab initiob 76.81 76.81 76.81
PES 76.97 76.97 76.97
exptc 75.87 75.87 75.87

K2 + Rb2 ab initioa 92.34 58.72 75.53
ab initiob 92.18 58.51 75.35
PES 93.43 58.89 76.16
expt 92.02d 57.79e 74.91

K2Rb2 (Cs) ab initioa 77.08 69.75 44.97 36.20 24.58 17.96 135.27
PES 77.31 70.04 45.28 36.71 25.32 17.81 136.24

K2Rb2 (D2h-I) ab initioa 86.53 69.96 38.69 35.09 25.96 16.78 136.51
PES 87.04 70.10 39.12 35.91 27.30 17.44 138.46

K2Rb2 (D2h-II) ab initioa 69.18 65.36 46.99 38.96 25.91 17.26 131.83
PES 69.30 65.58 47.03 39.35 25.29 17.43 131.99

K2Rb2 (TS-I) ab initioa 80.84 73.85 34.29 26.24 12.50 8.32i 118.02
PES 80.85 74.28 34.58 26.10 8.97 7.77i 116.28

K2Rb2 (TS-II) ab initioa 76.32 73.24 32.00 22.22 9.39 6.48i 109.83
PES 76.76 73.54 31.33 23.00 6.30 6.43i 108.63

aThis work, CCSD(T)/aug-cc-pwCVTZ-PP. bThis work, CCSD(T)/aug-cc-pwCVQZ-PP. cFrom ref 29. dFrom ref 31. eFrom ref 33.
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that of D2h-II by 71.71 cm−1 in this work, but lower by 20.30
cm−1 compared with the CCSD(T)/def2-TZVPP result.23

Therefore, the global minimum on our PES is the D2h-II
minimum, which is bound by 2888.78 cm−1 relative to the KRb
+ KRb asymptote. The well of our PES is more than 100 cm−1

deeper than that reported in the previous work by Byrd et
al.22,23 A likely reason for the difference is that the basis sets
used in this work are much larger than the previous ones (def2-
QZVPP and def2-TZVPP).22,23

A transition state (TS-I) between the Cs and D2h-I minima
was located, which features the interchange of K and Rb atoms
in a nearly planar rearrangement. A similar transition state was
reported by Byrd et al.,22 but their energy barrier (1167.30
cm−1) is higher than ours (1078.07 cm−1). We also located
another transition state, this one (TS-II) between the Cs and
D2h-II minima at 1371.36 cm−1 relative to D2h-II, which has not
been reported before. This transition state features a nearly
planar K and Rb interchange similar to that in TS-I. However,
we found no transition state between the two D2h structures,
which was previously reported by Byrd et al.23 To confirm
these saddle points, direct optimizations at the CCSD(T)/aug-
cc-pwCVTZ-PP level of theory were carried out, and the
results are compared with those from the PES in Tables 2 and
3. One can see that the optimized geometries are quite close to
those obtained on the PES and that energies are also in
reasonable agreement.
The top panel of Figure 3 shows the global PES as a function

of the two polar angles (θ1, θ2) of the KRb + KRb Jacobi
coordinates with the other coordinates (r1, r2, R, and φ)
optimized. The KRb + KRb Jacobi coordinates are illustrated
in the bottom panel. The two D2h minima, the Cs minimum
and their isomerization transition states are shown. It should
be noted that as a result of the permutation symmetry, there
are two equivalent Cs wells, two transition states (TS-I and TS-
II).
Finally, we note in passing that this PIP-NN PES does not

give a sufficiently accurate description of the interaction at very
long range, which is dominated by electrostatic and dispersion
terms.41,42 However, the lack of accurate long-range inter-
actions, which will be addressed in a future extension of this
study, has a very limited impact on the calculation of the
density of states (DOS) discussed below.

The deep potential wells in the K2Rb2 system support many
vibrational states, and the DOS at the experimental collision
energy is expected to be extremely high. A quantum-
mechanical determination of the DOS in this system is thus
impractical. Neither can it be accurately determined by the
harmonic approximation because of the strong anharmonicity
near the dissociation limit. However, the high DOS lends itself
to a classical treatment because the system is expected to be
ergodic as a result of the complete energy randomization. This
statistical behavior has been demonstrated in a triatomic
system that also features a deep potential well,43 and this four-
atom system is expected to satisfy the statistical limit even
more easily because of the larger number of states. In this
statistical Rice−Ramsperger−Kassel−Marcus (RRKM) limit,44

the anharmonic DOS can be estimated classically45−47 by a
phase space integration.48 Very recently, Christianen et al.
proposed an approach that integrates the momentum space
analytically.49 This significantly reduces the computational
costs by avoiding a 12-dimensional quadrature. In this work,
we computed the phase space integral on the PIP-NN PES
using our own implementation of this method. The phase
space integration was carried out for J = 1 and found to
converge with the following quadrature grid in the diatom−
diatom Jacobi coordinates: 51 points in (3.0, 70.0) for R/a0, 21
points in (5.7, 18.0) for r1/a0 and r2/a0, and seven points in (0,
π) for θ1, θ2, and φ.
On the basis of RRKM theory, the lifetime of the K2Rb2

complex is given as follows:

Figure 2. Reaction pathways for the KRb + KRb → K2 + Rb2 reaction
along with geometries and energies of stationary points. The atom−
atom distances are indicated in Å. Energies are in cm−1 relative to the
KRb + KRb asymptote. The Rb and K atoms are represented as red
and blue balls, respectively. The experimental exothermic energy of
10.35 cm−1 is calculated to be D0(K2) + D0(Rb2) − 2D0(KRb), where
D0(K2) = 4405.389 cm−1, D0(Rb2) = 3965.8 cm−1, and D0(KRb) =
4180.417 cm−1.6,34,51

Figure 3. (top) Contour plot of the PES along two polar angles (θ1,
θ2) in the KRb + KRb Jacobi coordinates (bottom), with the other
coordinates optimized. The minima are shown as white circles, and
the transition states are shown as black triangles. The two Cs
structures are equivalent because of the permutation symmetry, as
are the two TS-I and two TS-II transition states. Energies are in cm−1

with reference to the global minimum.
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h
N0

τ ρ=
(1)

where ρ is the DOS at the KRb + KRb asymptote, N0 is the
number of open channels, and h is Planck’s constant. The
number of open channels was counted to be 745 within the
10.35 cm−1 exoergicity. It should be noted that the nuclear
spins of the two products dictate that K2 and Rb2 have only
even and odd rotational quantum numbers, respectively. The
rotational constants of the two molecules are 0.05496 and
0.02203 cm−1, respectively. The resulting DOS (J = 1) is 3.5
μK−1, and the corresponding lifetime is 227 ns. This is in
reasonably good agreement with the latest experimental result
of 360 ± 30 ns.40

To summarize, a global PES for the KRb + KRb→ K2 + Rb2
reaction was developed by means of a high-fidelity PIP-NN
representation of a large number of ab initio points. These ab
initio points were obtained by extrapolation to the complete
basis limit from CCSD(T)/aug-cc-pwCVTZ-PP and aug-cc-
pwCVQZ-PP calculations. The PES features multiple minima
and saddle points. The RRKM estimate of the lifetime for the
K2Rb2 complex was calculated to be 227 ns, in good agreement
with experiment. The knowledge of the complex lifetime is
useful in determining the loss mechanism of these long-lived
species.50 We expect this PES to provide a unique and reliable
platform for future studies of the dynamics of this important
reaction.
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(46) Mayle, M.; Queḿeńer, G.; Ruzic, B. P.; Bohn, J. L. Scattering of
ultracold molecules in the highly resonant regime. Phys. Rev. A: At.,
Mol., Opt. Phys. 2013, 87, 012709.
(47) Croft, J. F. E.; Bohn, J. L. Long-lived complexes and chaos in
ultracold molecular collisions. Phys. Rev. A: At., Mol., Opt. Phys. 2014,
89, 012714.
(48) Ma, X.; Yang, N.; Johnson, M. A.; Hase, W. L. Anharmonic
densities of states for vibrationally excited I−(H2O), (H2O)2, and
I−(H2O)2. J. Chem. Theory Comput. 2018, 14, 3986−3997.
(49) Christianen, A.; Karman, T.; Groenenboom, G. C.
Quasiclassical method for calculating the density of states of ultracold
collision complexes. Phys. Rev. A: At., Mol., Opt. Phys. 2019, 100,
032708.
(50) Christianen, A.; Zwierlein, M. W.; Groenenboom, G. C.;
Karman, T. Photoinduced two-body loss of ultracold molecules. Phys.
Rev. Lett. 2019, 123, 123402.
(51) Falke, S.; Sherstov, I.; Tiemann, E.; Lisdat, C. The A1Σu

+ state
of K2 up to the dissociation limit. J. Chem. Phys. 2006, 125, 224303.

The Journal of Physical Chemistry Letters pubs.acs.org/JPCL Letter

https://dx.doi.org/10.1021/acs.jpclett.0c00518
J. Phys. Chem. Lett. 2020, 11, 2605−2610

2610

https://dx.doi.org/10.1103/PhysRevLett.113.255301
https://dx.doi.org/10.1103/PhysRevLett.114.205302
https://dx.doi.org/10.1103/PhysRevLett.114.205302
https://dx.doi.org/10.1103/PhysRevLett.116.225306
https://dx.doi.org/10.1103/PhysRevLett.116.205303
https://dx.doi.org/10.1103/PhysRevLett.116.205303
https://dx.doi.org/10.1103/PhysRevLett.119.143001
https://dx.doi.org/10.1103/PhysRevLett.119.143001
https://dx.doi.org/10.1103/PhysRevLett.118.073201
https://dx.doi.org/10.1103/PhysRevLett.118.073201
https://dx.doi.org/10.1126/sciadv.aaq0083
https://dx.doi.org/10.1126/sciadv.aaq0083
https://dx.doi.org/10.1126/science.aau7230
https://dx.doi.org/10.1038/s41467-019-11033-y
https://dx.doi.org/10.1038/s41467-019-11033-y
https://dx.doi.org/10.1126/science.aay9531
https://dx.doi.org/10.1126/science.aay9531
https://dx.doi.org/10.1103/PhysRevA.81.060703
https://dx.doi.org/10.1103/PhysRevA.81.060703
https://dx.doi.org/10.1103/PhysRevA.82.010502
https://dx.doi.org/10.1103/PhysRevA.82.010502
https://dx.doi.org/10.1063/1.3672646
https://dx.doi.org/10.1063/1.3672646
https://dx.doi.org/10.1016/S0009-2614(89)87395-6
https://dx.doi.org/10.1063/1.5010587
https://dx.doi.org/10.1063/1.5010587
https://dx.doi.org/10.1063/1.5010587
https://dx.doi.org/10.1063/1.5010587
https://dx.doi.org/10.1063/1.1856451
https://dx.doi.org/10.1063/1.1856451
https://dx.doi.org/10.1063/1.1856451
https://dx.doi.org/10.1016/S0009-2614(03)00435-4
https://dx.doi.org/10.1016/S0009-2614(03)00435-4
https://dx.doi.org/10.1016/S0009-2614(03)00435-4
https://dx.doi.org/10.1063/1.1824880
https://dx.doi.org/10.1063/1.1824880
https://dx.doi.org/10.1063/1.1824880
https://dx.doi.org/10.1103/PhysRevA.76.022511
https://dx.doi.org/10.1063/1.481310
https://dx.doi.org/10.1063/1.481310
https://dx.doi.org/10.1016/0009-2614(85)87200-6
https://dx.doi.org/10.1016/0009-2614(85)87200-6
https://dx.doi.org/10.1063/1.1286979
https://dx.doi.org/10.1063/1.1286979
https://dx.doi.org/10.1063/1.459246
https://dx.doi.org/10.1063/1.459246
https://dx.doi.org/10.1002/wcms.82
https://dx.doi.org/10.1080/0144235X.2016.1200347
https://dx.doi.org/10.1080/0144235X.2016.1200347
https://dx.doi.org/10.1080/0144235X.2016.1200347
https://dx.doi.org/10.1080/01442350903234923
https://dx.doi.org/10.1080/01442350903234923
https://dx.doi.org/10.1088/0953-4075/49/22/224001
https://dx.doi.org/10.1088/0953-4075/49/22/224001
https://dx.doi.org/10.1063/1.5082740
https://dx.doi.org/10.1063/1.5082740
https://dx.doi.org/10.1063/1.5082740
https://arxiv.org/abs/2002.05140
https://dx.doi.org/10.1088/1367-2630/12/7/073041
https://dx.doi.org/10.1088/1367-2630/12/7/073041
https://dx.doi.org/10.1063/1.4752740
https://dx.doi.org/10.1063/1.4752740
https://dx.doi.org/10.1038/ncomms15897
https://dx.doi.org/10.1038/ncomms15897
https://dx.doi.org/10.1103/PhysRevA.85.062712
https://dx.doi.org/10.1103/PhysRevA.85.062712
https://dx.doi.org/10.1103/PhysRevA.87.012709
https://dx.doi.org/10.1103/PhysRevA.87.012709
https://dx.doi.org/10.1103/PhysRevA.89.012714
https://dx.doi.org/10.1103/PhysRevA.89.012714
https://dx.doi.org/10.1021/acs.jctc.8b00300
https://dx.doi.org/10.1021/acs.jctc.8b00300
https://dx.doi.org/10.1021/acs.jctc.8b00300
https://dx.doi.org/10.1103/PhysRevA.100.032708
https://dx.doi.org/10.1103/PhysRevA.100.032708
https://dx.doi.org/10.1103/PhysRevLett.123.123402
https://dx.doi.org/10.1063/1.2375120
https://dx.doi.org/10.1063/1.2375120
pubs.acs.org/JPCL?ref=pdf
https://dx.doi.org/10.1021/acs.jpclett.0c00518?ref=pdf

