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ABSTRACT: Long-range intermolecular interaction plays an
essential role in (ultra)cold collisions. For monomers with
degenerate electronic states, an accurate description of the long-
range interaction can be challenging due to the potential
breakdown of the Born−Oppenheimer approximation. In this
work, we developed a general method to construct long-range
interaction potential energy surfaces (IPESs) between arbitrary
molecules using the degenerate perturbation theory of Schrödinger.
To further simplify the application of this method, a group-
theoretical method is introduced to identify nonzero components
of electrostatic properties of monomers, especially for the nonlinear
molecules. To demonstrate this approach, we report the long-range
IPESs of the O(3P)−OH(2Π) and OH(2Π)−OH(2Π) systems. The excellent agreement with ab initio calculations in large
separations, even near electronic degeneracies, confirms the accuracy of our approach. The method is expected to lay the
groundwork for the accurate investigation of (ultra)cold collisional dynamics involving open-shell species.
KEYWORDS: intermolecular interaction, cold and ultracold collisions, potential energy surface, long-range interaction, molecular dynamics

1. INTRODUCTION
Cold and ultracold collisions between molecules (or atoms)
serve as a unique platform for investigating the quantum nature
of molecular dynamics and for achieving accurate control of
molecular scattering at the quantum state level.1−7 At low
temperatures, the long translational de Broglie wave probes the
interaction potential energy surface (IPES) in the long-
range.5,6,8−11 In recent studies of the ultracold KRb + KRb →
K2 + Rb2 reaction, for example, both reactivity and product state
distributions are shown to be exquisitely controlled by long-
range interactions.12,13 Thus, a highly accurate IPES is vital for
theoretical understanding of cold and ultracold collisions.14

When two molecules are sufficiently apart, the exchange
interaction between the monomers can be neglected because it
vanishes faster than any power of 1/R, where R is the distance
between them.15 Thus, their interaction is dominated by
electrostatic and dispersion forces. When two molecules are in
nondegenerate states, in particular, the long-range interaction
can be expressed in a multipole expansion as a sum of R−n

terms.16,17 This analytical approach avoids direct ab initio
calculations of the IPES in the long range, which can be quite
challenging, guaranteeing physically correct behavior in the long
range. Recently, we developed a general approach for
constructing the long-range IPES between monomers in their
nondegenerate electronic states.18 (A similar approach has been
established by Dawes and co-worker (R. Dawes, private
communication)). This method, which is implemented in the

program ABLRI, is based on Schrödinger’s nondegenerate
perturbation theory. Hence, it is not amenable to systems
containing monomers with electronic degeneracy, which often
lead to the violation of the Born−Oppenheimer approximation
(BOA).19

Molecules involved in low-temperature reactions typically
contain unpaired electrons, which often lead to barrierless
reaction paths. For example, a much-studied case is the
interaction between O(3P) and OH(2Π),20−22 which have
spatial degeneracies of 3 and 2, respectively. As shown below, the
multiple degenerate electronic states in the O + OH asymptote
lead to the breakdown of the BOA, which destroys the simple
analytical properties of the IPES. The proper treatment of these
complications is thus of great importance for and challenge to
understanding collisional dynamics in cold and ultracold
conditions.

Over the past few decades, there have been several studies of
the long-range interaction involving monomers in degenerate
states by using degenerate perturbation theory.19,21−37 How-
ever, most are system specific, aiming at atom−atom,26−28
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atom−diatom,19,21,22,29−34 or diatom−diatom systems.24,35−37

For instance, Spelsberg derived expressions for the long-range
interaction of a monomer in a nondegenerate state with one with
degeneracy, and applied them to construct the long-range IPES
of the CO−OH system.24 So far, no theory has been proposed to
handle systems beyond atoms and linear molecules with
degeneracy. This is because the degenerate states of linear
molecules can be easily labeled by the projection of the
electronic orbital angular momentum along the molecular axis,
and then the expressions of the electrostatic properties (EPs) in
the spherical tensor formalism can be simplified by using the
angular momentum algebra. Obviously, there is a pressing need
for a general method to formulate the long-range interaction of
arbitrary two-body systems.

There are three main challenges in the development of a
general method to calculate the long-range interaction energy.
First, a general set of coordinates should be defined, which can
describe the geometries of an arbitrary system, especially for
polyatomic systems. Second, the derivation of the expressions of
the specified system is often very tedious. Thus, a universal
expression of the long-range interaction should be employed for
developing a general method. Third, it must be able to handle

molecules with various shapes, especially for the simplification of
their EPs.

In this work, we focus on the general expression for the long-
range IPES between two monomers with electronic degeneracy,
derived using the degenerate perturbation theory of Schrö-
dinger19,24,38 with the multipole expansion of the Coulomb
interaction Hamiltonian.16,17,39,40 From the outset, we note that
our discussion here neglects the spin−orbit coupling, but it can
be easily incorporated into the same framework.19,21,22,31 In
addition, we introduce a group-theoretical method for
determining the nonzero and independent EP components.
This method is demonstrated in the construction of the long-
range IPESs of the O(3P)−OH(2Π) and OH(2Π)−OH(2Π)
systems, which are validated by comparing them to high-level ab
initio points at selected geometries.

2. THEORY AND ALGORITHM

2.1. General Coordinates for Two-Body Systems

The basis of the general method for calculating the long-range
interaction is the choice of the coordinates for describing the
geometries of the system.18 Here, a dimer-fixed (DF) frame
OXYZ is first defined as illustrated in Figure 1a, whose Z axis is
fixed along the vector R, with X and Y axes and origin arbitrarily

Figure 1. Coordinates employed for describing the configurations of the systems. (a) The coordinates of an arbitrary system. The axes of the DF and
MF frames are labeled as (XDF, YDF,ZDF) and (xMF, yMF, zMF), respectively. ai and bj denote the position vectors of the ith particle in monomer A and the
jth particle in monomer B, respectively. (b) The coordinates for OH−O. (c) The coordinates for OH−OH. (d) Top view of the DF frame defined in
(c), and thus ϕB is the angle between the projections of the zMFA and zMFB axes onto the XOY plane of the DF frame.
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chosen. OA and OB can be, for example, fixed at the center of
mass of A and B, respectively. Second, the monomer-fixed
frames attached to the monomers A and B (MFΦ frame with Φ =
A or B) are used to separate the intramolecular coordinates of
the monomers and intermolecular coordinates, which must be
invariant under the rotation or translation of the monomer Φ,
such as the principal axes of the moment of inertia tensor of the
monomer. The origin of the MFΦ frame is fixed at OΦ.

The intermolecular coordinates are chosen as (R, ΩA, ΩB), in
which R � |R|. ΩΦ � (ϕΦ, θΦ, χΦ) denotes the Euler angles
specifying the orientation of the MFΦ frame with respect to the
DF frame.41 Importantly, these coordinates are general for any
molecular shape, while the intramolecular coordinates of A and
B can be defined depending on how the vibrational coordinates
are chosen. Note that for the systems including an atom or a
linear molecule, not all the Euler angles are independent, as
discussed in our previous study.18 Two examples (the OH−O
and OH−OH systems) are illustrated in Figure 1b−1d under
such a general set of coordinates.
2.2. Long-Range Interaction of Two-Body Systems
Assuming two isolated monomers A and B are characterized by
their respective Hamiltonian (HA and HB), perturbation theory
can be used to determine the interaction energy in the long-
range region, treating the interaction Hamiltonian V between
two monomers as perturbation.16,39 The starting point of the
derivation for the expression of the long-range interaction is the
multipole expansion of V in the spherical tensor form (ℏ =
1)16,39,40
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where these components are expressed in the DF frame. ri = (ri,
θi, ϕi) is the position vector of the ith particle (electron or
nucleus with the charge eiΦ) of Φ in the DF frame (fixed at the
origin of the MFΦ frame), with (θi, ϕi) as the polar and azimuthal
angles. Ylm is the spherical harmonics. Then, the multipole
moment operators in the DF frame are related to those in the
MFΦ frames by40

Q Q D ( , , )lm
m

lm mm
l(DF) (MF )= *

(3)

in which Dmm′
l is the Wigner rotational matrix element.

If A and B are in fA,μ- and f B,ν-fold degenerate eigenstates |φμi
A⟩

(i = 1, 2,···, fA,μ) and |φvkB ⟩ (k = 1, 2,···, f B,ν) corresponding to the
eigenenergies Eμ

A and EvB of HA and HB, respectively, the
unperturbed states, which can be chosen as products of the
monomer eigenstates, e.g., |φμi

AφvkB ⟩ � |φμi
A⟩ |φvkB ⟩, define a

diabatic potential energy matrix (DPEM) with the following
elements indexed by ik and i′k′
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ik i k ik i k
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where μν represents the unperturbed energy level with energy
Eμv � Eμ

A + EvB. The first and second-order corrections are given
by Schrödinger’s degenerate perturbation theory38,42
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in which n and n′ run over all unperturbed states except n = μ and
n′ = ν. The long-range interaction energy μvEint can be obtained
by solving the following secular equation19,24
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where i, i′ = 1, 2,···, fA,μ, and k, k′ = 1, 2,···, f B,ν. δii′ and δkk′ are the
Kronecker delta. μv,ik,id′kd′Ees, μv,ik,i d′kd′Eind

A , μv,ik,id′k d′Eind
B , and μv,ik,id′k d′Edisp

are the electrostatic energy, the induction energy of the
monomer A and B, and the dispersion energy expressed in the
diabatic basis |φμi

AφvkB ⟩, respectively
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Note that the third and higher order corrections of Eμv are
ignored in this work. This is reasonable because for neutral
monomers, the leading term of the nth correction (n > 1) is
proportional to R−3n, which often is negligible when n is larger
than 2.16 Moreover, the above equations cannot be used for a
system that has two identical monomers with μ ≠ ν due to
existence of resonance interactions,16 where the states |φμi

A⟩|φvkB ⟩,
(i = 1, 2,···, fA,μ, and k = 1, 2,···, f B,ν) and |φvkA ⟩|φμi

B ⟩, (k = 1, 2,···,
fA,ν, and i = 1, 2,···, f B,μ) correspond to the same energy.

By substituting the multipole expansion of V into eq 7, each
type of the interaction defined in the diabatic basis can be
expressed in terms of R−n for EP components, including
multipole moments and (dynamic) polarizabilities, whose
explicit form is given in Section S−I of Supporting Information
(SI). By employing the relationship between the components of
the multipole moment operators of Φ expressed in the MFΦ and
DF frames, the EP components can be expressed in the MFΦ
frame, which depend solely on its intramolecular coordinates
and are related to those in the DF frame by the transformation
from the MFΦ to DF frame. Consequently, we only need to deal
with these components in the MFΦ frame, which can be
determined using ab initio calculations of the monomers, such as
the finite field method (FFM).43 The formulas of the long-range
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interaction in the Cartesian form are also derived in this work
and given in Section S−I of SI.
2.3. Independent Components of EPs

It is important to sort out the nonzero and independent
components of monomer EPs not only for calculation efficiency,
but also to avoid inaccuracies inherent in ab initio calculations.
The latter is known to contort the relationship between the
nonzero EP components, leading to inaccurate results, especially
for monomers in degenerate states. This can be achieved using a
group-theoretical method.18,40 Since degenerate states do not
transform with the totally symmetric irreducible representation
of the monomer point group, the symmetry properties of both
the multipole moment operators and the degenerate states need
to be carefully considered. As mentioned in Section 1, the
nonzero EP components of an atom or a linear molecule have
been derived by previous studies,19,24,32 so in this work, we
mainly focus on nonlinear molecules. A brief derivation of the
results of the atoms and linear molecules with the C∞v or D∞h
symmetry can be found in Section S−II in SI.

The point group of a nonlinear molecule is finite. So, it is
convenient to employ the projection operator of the
corresponding irreducible representation to derive the nonzero
EP components and their relationship, including the 2l-pole
moment μ,ii d′Qlm and the 2l-pole−2l’-pole dynamic polarizability
μ,iid′αlm,l′m′(iω) defined as follows

Q Q

E E E E

Q Q

,

(i ) ( ) ( )

2

ii
lm i lm i

ii
lm l m

n
n n

i lm n n l m i

,

,
,

2 2 1

= | |

= { [ + ]

× | | | | }
(8)

in which i is the imaginary unit, ω is the angular frequency. First,
for the multipole moment operator Q̂lm, its transformations
under symmetry operations of the monomer’s point group are
the same as Ylm, in which the representation matrices of the latter
have been realized for many common-used finite groups by the
GTPack package.44,45 For degenerate states that transform
according to two- or higher-dimensional irreducible representa-
tions of the molecular point group, because two sets of states of
the same degenerate energy level are related by a unitary matrix,
and these different definitions have no influence on the
eigenvalues of the DPEM, we only need to derive the
transformations of the degenerate states in a specified definition
under the symmetry operations. In this work, we employed the
Cornwell method, which is based on the real-valued Cartesian
tesseral harmonics, implemented in GTPack to obtain the
representation matrices of a degenerate state. Third, for the 2l-
pole−2l’-pole polarizability with l = l′, an additional permutation
symmetry between two multipole moment operators makes
μ,iiαlm,lm′(iω) equal to μ,iiαlm′,lm (iω) when |φμi⟩ is chosen as real-
valued function. This property further reduces the number of
independent components of polarizability.

Based on the above strategy, we develop the Mathematica
programs for determining the nonzero EP components and their
relationships. The derivations of the expressions employed in
this program are provided in Section S−III in SI. In practical
applications, the value of these quantities can be determined by
FFM.43 The advantage of FFM is that it is based on the change of
the energy of the molecule under an external field. Thus, we do
not need to know the explicit form of the degenerate states of the

molecule. For the EP components defined as eq 8 with i = i′, the
symmetry breaking of the degeneracy under an external field can
be analyzed from the output files of the ab initio package. Then,
the components with i ≠ i′ related to those with i = i′ can be
obtained.
2.4. Algorithm
For the general method for calculating the long-range
interaction energy developed in this work, the following
workflow was established, as illustrated in Figure 2. First, the

MFΦ frame is chosen to be consistent with the coordinate
system defined in the GTpack package for the point group of the
monomer Φ, and then the Mathematica programs provided in
the SI are used to derive all the nonzero EP components up to
the required rank and their relationships. Next, an ab initio
method, e.g., the FFM, is employed to calculate the independent
EP components, and then these ab initio data are fitted as
functions of the intramolecular coordinates. After all EP
components in the MFΦ frame are determined for a given
configuration of the monomers, they are used to express all EP
components in the DF frame by employing the relationships
between them, as illustrated by eqs (S11) to (S13), (S25), and
(S26). Finally, substituting these EP components into eq 7, the
long-range interaction can be obtained by solving eq 6 as a
function of R.

Figure 2. Workflow for calculating the long-range interaction for a
given structure of the system, which consists of two steps. (a) The
derivation, calculation, and fitting of the independent EP components
in the MF frame of the monomers. The dashed arrow from “Ab initio
method” to “Components of EPs in the MFΦ frame” denotes the direct
calculation of these quantities. (b) The calculation of the long-range
interaction energy. The quantities with the dashed border represent the
input data of each step.

JACS Au pubs.acs.org/jacsau Article

https://doi.org/10.1021/jacsau.5c00966
JACS Au 2025, 5, 5079−5088

5082

https://pubs.acs.org/doi/suppl/10.1021/jacsau.5c00966/suppl_file/au5c00966_si_002.pdf
https://pubs.acs.org/doi/suppl/10.1021/jacsau.5c00966/suppl_file/au5c00966_si_002.pdf
https://pubs.acs.org/doi/suppl/10.1021/jacsau.5c00966/suppl_file/au5c00966_si_002.pdf
https://pubs.acs.org/doi/suppl/10.1021/jacsau.5c00966/suppl_file/au5c00966_si_002.pdf
https://pubs.acs.org/doi/suppl/10.1021/jacsau.5c00966/suppl_file/au5c00966_si_002.pdf
https://pubs.acs.org/doi/suppl/10.1021/jacsau.5c00966/suppl_file/au5c00966_si_002.pdf
https://pubs.acs.org/doi/10.1021/jacsau.5c00966?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/jacsau.5c00966?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/jacsau.5c00966?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/jacsau.5c00966?fig=fig2&ref=pdf
pubs.acs.org/jacsau?ref=pdf
https://doi.org/10.1021/jacsau.5c00966?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


3. COMPUTATIONAL DETAILS

3.1. Formulas of IPESs of O(3P)−OH(2Π) and
OH(2Π)−OH(2Π)
To illustrate our method, the long-range IPESs of the O(3P)−
OH(2Π) and OH(2Π)−OH(2Π) systems were constructed as
examples. The former is an important atmospheric and
astrochemical reaction and served as a prototype for
investigating geometric phase effects in chemical reactions,46−48

while the latter is crucial for studying collisional dynamics under
an external electric or magnetic field.49−51 Although many PESs
have been reported,20,52−65 the long-range IPESs for these
systems have seldom been addressed with the degeneracy
considered.21,22

We employed the expressions of the long-range interaction
energy in either the Cartesian or spherical tensor form to
construct the long-range IPESs of the O(3P)−OH(2Π) and
OH(2Π)−OH(2Π) systems, whenever the form is the most
convenient. If, for example, the spin−orbit coupling of these two
systems were to be included, expressions in the spherical tensor
form are preferred to take advantage of angular momentum
algebra.19 Moreover, because the long-range interaction
calculated by these two forms should be identical, we can use
this property to check the accuracy of these two programs. In
this work, to improve the accuracy of the IPESs, the calculation
of the dispersion interaction employed the expression derived by
the Casimir−Polder integral transformation,66,67 which requires
the explicit form of dynamic polarizabilities of the monomers as
a function of ω.

For OH(2Π, A)−O(3P, B), the electrostatic energy with the
terms proportional to R−4, R−5, and R−6, the induction energy of
O with the terms proportional toR−6 andR−7, and the dispersion
energy with the terms proportional to R−6 and R−7, expressed in
the spherical tensor form with the diabatic basis |κΛ⟩|η1ML⟩ (Λ
= ±1, ML = 0, ±1), and in the Cartesian form with the diabatic
basis |κ1,i⟩|η1,k⟩ (i = x, y, k = a, b, c) were used. The definitions
of these diabatic basis are given in Section S−II in SI. The
leading term of the induction energy of OH is proportional to
R−8, thus, we neglected this interaction.

For OH(2Π, A)−OH(2Π, B), the electrostatic energy with the
terms proportional to R−3, R−4, and R−5, the induction energy of
the monomers A and B with the terms proportional to R−6 and
R−7, and the dispersion energy with the terms proportional to
R−6 and R−7, expressed in the spherical tensor form with the
diabatic basis |κΛ⟩|κ′Λ′⟩ (Λ = ±1, Λ′ = ±1), and in the
Cartesian form with the diabatic basis |κ1,i⟩|κ′1,k⟩ (i = x, y, k = x,
y) were used.

In both cases, identical long-range IPESs were obtained in the
spherical tensor and Cartesian forms, validating the derivations.
3.2. Ab Initio Calculations
The independent EP components of the O(3P) atom and the
OH(2Π) radical in their MF frames were calculated by
employing FFM,43 in which the states and multipole moment
operators are expressed in the Cartesian form, see Sections S−I
and S−II in SI for details. The independent quantities were fitted
as functions of the O−H bond length, ranging from 1.5 to 3.0 a0,
using the cubic spline interpolation.
Ab initio calculations of the multipole moments and the static

polarizabilities were performed in the MOLPRO 2015 pack-
age68,69 by the internally contracted multireference config-
uration interaction (icMRCI) method70,71 with the augmented
correlation-consistent polarized valence quintuple-ζ (AV5Z)72

basis set. Completed active space self-consistent field

(CASSCF) wave functions73,74 were calculated first, and their
natural orbitals were used in the MRCI calculations. For O(3P),
6 electrons and 4 active orbitals were included in the active
space, while 5 electrons and 4 active orbitals were used for
OH(2Π). These ab initio calculations were performed in C1
symmetry. The magnitudes of the external field Eα and gradients
Eαβ and Eαβγ used in calculating these quantities are listed in
Table S1 in SI. Other EPs of these two monomers are
determined by using the relationship between nonzero
components. The independent EP components of the O(3P)
atom and the OH(2Π) radical defined in the spherical tensor
form were determined by employing the relationship between
the EP components in the Cartesian and spherical tensor forms
given in Section S−IV in SI, while the values of these Cartesian
components are given in Section S−V in SI (Table S2, Figures
S1 and S2). Calculating the components of the dynamic
polarizabilities as functions of ω by the Pade ́ approximation
requires the corresponding Cauchy moments cp,k defined as
follows75

c(i ) ( )p
k

p k
k

0
,

2=
= (9)

where p denotes the component of the polarizability. In this
work, the Dalton2024.0-dev package was used to obtain these
quantities at the CASSCF/AV5Z level by linear response
calculations.76,77 For O(3P), 8 electrons and 15 (62212110)
active orbitals were included in the active space with the ab initio
calculation under the D2h symmetry, while for OH(2Π), 9
electrons and 10 (6220) active orbitals were included in the
active space with the ab initio calculation under the C2v
symmetry. The max value of k in eq 9 was chosen as 19.
Then, the [n − 1/n] Pade ́ approximation39,75 with n = 9 was
employed to obtain the explicit form of the components of the
dynamic polarizabilities as a function of ω. Similar to the
discussion of the static polarizabilities, only the Cauchy
moments with i = i′ were calculated, while other components
are determined by using the relationship between nonzero
components. Then, these components can also be transformed
between the Cartesian and spherical tensor form by the
relationships given in Section S−IV in SI. The Cauchy moments
with k = 0, which are the components of the static polarizability,
are compared with those obtained by FFM in Table S2 and
Figure S3 in the SI, to illustrate the validity of the setting of the
ab initio parameters.

The integrals of the product of these components of the
dynamic polarizabilities of A and B over ω were calculated by the
trapezoidal rule. ω is in the range from 0 to 50 au, while Δω =
0.01 au. These quantities were found to be converged within 1%,
and then fitted by ∑t = 0

4 w1,trt for O−OH and ∑t + t′ = 0
3 w2,tt′rAt rBt d′

for OH−OH with r, rA, and rB in the range from 1.5 to 3.0 a0.
In order to test the accuracy of the long-range IPESs of the

O(3P)−OH(2Π) and OH(2Π)−OH(2Π) systems, high-level ab
initio calculations of the interaction energies of these two
systems were also performed, which are defined as

E E Eint tot tot,= (10)

where Eint and Etot are the interaction energy and total energy of
the corresponding structure of the system, respectively. Etot,∞ is
the total energy of the system where the distance between two
monomers is infinite, and thus their interaction vanishes. The
geometry with r = 1.83 a0, R = 100 a0, and θA = 0° of the O−OH
system, and the geometry of the OH−OH system with rA = rB =
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1.83 a0, R = 400 a0, and θA = ϕB = θB = 0° were chosen to
calculate Etot,∞ of these systems. The total energy of the O(3P)−
OH(2Π) system was calculated at the icMRCI70,71/AV5Z72

level by the MOLPRO package, while 9 electrons and 7 active
orbitals were included in the active space. These ab initio

calculations were performed in C1 symmetry. For the total
energy of OH(2Π)−OH(2Π), the ab initio calculations were
performed in the C1 symmetry at the icMRCI70,71/AV5Z72

level, where 10 electrons and 8 active orbitals were included in
the active space.

Figure 3. Interaction energies of the O(3P)−OH(2Π) system with the OH bond length (r) fixed at 1.83 a0. (a−c) Interaction energies as a function of
θA withR = (a) 15, (b) 20, and (c) 25 a0. (d−f) Interaction energies as a function of Rwith θA = (d) 0°, (e) 90°, and (f) 180°. In both panels, ab and lr-d
denote the ab initio results and the multipolar interaction energies derived from degenerate perturbation theory, respectively. Λ-ML, lr-nd denotes the
interaction energy between the OH radical in the |κΛ⟩ state and the O atom in the |η1ML⟩ state obtained by the nondegenerate perturbation theory.
Since the latter are independent of the sign of Λ and ML, only the 1−0, lr-nd and 1−1, lr-nd results are included.

Figure 4. Interaction energies of the OH(2Π)−OH(2Π) system with rA = rB = 1.83 a0. (a) Interaction energies as a function of θA with R = 20 a0, ϕB =
0°, and θB = 90°. (b) Interaction energies as a function of θA withR = 20 a0, ϕB = 180°, and θB = 90°. (c) Interaction energies as a function ofRwith θA =
ϕB = θB = 0°. (d) Interaction energies as a function of R with θA = ϕB = θB = 90°. In all panels, ab and lr-d denote the ab initio results and the multipolar
interaction energies, respectively. i-k, lr-nd denotes the interaction energy between OH in the |κi⟩ and |κk⟩ (i, k = 1, −1) states obtained by the
nondegenerate perturbation theory. Since the latter are independent of the sign of Λ and Λ′, only the curve 1−1, lr-nd is included. The positions of CIs
labeled as CI-1 to CI-10 are marked with arrows in (a, b).
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4. RESULTS AND DISCUSSION

4.1. Long-Range IPES of O(3P)−OH(2Π)
There are six pairs of states correlated to the O(3P)−OH(2Π)
asymptote, denoted as X2,4A″, 12,4A′, 22,4A″, 22,4A′, 32,4A″, and
32,4A′. The doublets and quartets have the same total energies
due to the neglect of the spin−orbit coupling. At θA = 0°, the
states can be assigned as 2,4Π, 2,4Σ−, 2,4Δ, and 2,4Σ+ with
increasing energy. However, at θA = 180°, these states are 2,4Σ−,
2,4Δ, 2,4Σ+, and 2,4Π. The change of energy order at the two
collinear geometries (OHO vs OOH) underscores the non-
adiabatic interaction among these states. We emphasize that the
assignment of these adiabatic states differs from the previous
work on the C(3P)−OH(2Π) and Si(3P)−OH(2Π) sys-
tems,19,31 because the electron configurations of the O and C
(or Si) atoms are 1s22s22p4 and 1s22s22p2 (or 1s22s22p63s23p2)
event though both are in a 3P state.

Figure 3 compares the multipolar and ab initio interaction
energies as a function of θA (Figure 3a−3c) and R (Figure
3d−3f). The excellent agreement confirms the accuracy of these
long-range IPESs. For comparison, the interaction energies
calculated using the nondegenerate perturbation theory, namely
the diagonal elements of the DPEM (excluding energies of two
monomers), are also included in the figure as Λ−ML, lr-nd,
which are obviously in error, due to neglect of nonadiabatic
effects. As shown in Figure S4 in Section S−VI in SI, our method
starts to deviate from ab initio data when R is less than 10 a0.
4.2. Long-Range IPES of OH(2Π)−OH(2Π)
We now turn to the long-range IPESs for the first four state pairs
of the OH(2Π)−OH(2Π) system, denoted as X1,3A, 21,3A, 31,3A,
and 41,3A. In Figure 4, the multipolar interaction energies and
their dependence on θA (a, b) and R (c, d) are compared with ab
initio results, and the excellent agreement validates again the
accuracy of our approach. To highlight the inadequacy of the
nondegenerate theory, some results are also included in the
figure for comparison. Similar to the O(3P)−OH(2Π) system,
the comparison between the multipolar and ab initio interaction
energies in the short-range region, as plotted in Figure S5 in
Section S−VI in SI, also shows that our method is accurate with
R larger than 10 a0.

Compared with the O(3P)−OH(2Π) system, the lower C1
symmetry of the system allows the formation of conical
intersections (CIs), as shown by arrows in Figure 4a,b. As
shown in Figure 4a, one can find four CIs with ϕB = 0°, which are
between the X1,3A and 21,3A states with θA = 1.71°, and the 31,3A
and 41,3A states with θA = 3.87, 78.53, and 106.66°. For Figure
4b, there are six CIs when ϕB = 180°, which are between the
X1,3A, and 21,3A states with θA = 72.66, 95.73, and 176.11°, the
21,3A and 31,3A states with θA = 82.15 and 87.63°, and the 31,3A
and 41,3A states with θA = 178.28°. These CIs are confirmed by
the fact that line integrals around the above CIs are equal to π, as
shown in Figures S6 and S7 in Section S−VII in SI. These CIs
result in complicated behavior of these IPESs, which would
make the fitting of the adiabatic interaction energies quite
difficult,78 underscoring the advantages of the degenerate
perturbation approach. Moreover, these CIs are along the
coordinate θA, thus it would be interesting to study the effect of
these CIs on the stereodynamics in (ultra)cold collisions
between the OH(2Π) dimer.

Interestingly, the leading electrostatic term of this system is
the dipole−dipole interaction. Indeed, the IPESs are approx-
imately proportional to sin θA in Figure 4a and −sin θA in Figure

4b. Note that since the dipole−dipole term has no contribution
to the off-diagonal elements of the DPEM, however, the splitting
of the four electronic states becomes visible only when the
dipole−dipole electrostatic interaction is relatively small.
Indeed, the four pairs of states have almost no difference when
the dipole−dipole interaction is the maximum, while they
diverge in Figure 4d when the dipole−dipole interaction is zero.

5. CONCLUSIONS
In this work, we have developed a general framework for
characterizing the long-range interaction energy between two
monomers with electronic degeneracy by employing the
degenerate perturbation theory of Schrödinger. First, we
presented the electrostatic, induction, and dispersion energy
terms as the multipole expansion of the Coulomb interaction
Hamiltonian. Then, a group-theoretical method was developed
to determine the nonzero components of the EPs of monomers
and their relationships. By calculating these independent
quantities and fitting them as functions of monomer intra-
molecular coordinates, the long-range interaction between
monomers can be calculated following the same workflow of
our recently developed program ABLRI.18 To validate the
accuracy of this method, we constructed the IPESs of the
O(3P)−OH(2Π) and OH(2Π)−OH(2Π) systems and com-
pared them to high-level ab initio results. The method performed
remarkably well, especially reproducing the long-range behavior
impacted by the breakdown of the BOA. This method thus lays a
solid foundation for accurate dynamical calculations of systems
containing monomers with electronic degeneracy at low
temperatures.
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